Abstract. A Schur ring over a finite group is said to be decomposable if it is the generalized wreath product of Schur rings over smaller groups. In this paper we establish a sufficient condition for a decomposable Schur ring over the direct product of elementary abelian groups to be a CI-Schur ring. By using this condition we reprove in a short way known results on the CI-property for decomposable Schur rings over an elementary abelian group of rank at most 5.
Introduction
Let G be a finite group. An S-ring (a Shur ring) over G is defined to be a subring of the integer group ring ZG which is a free Z-module spanned by a partition of G closed under taking inverse and containing the identity element of G as a class (the exact definition is given in Section 2). The concept of an S-ring goes back to Schur and Wielandt who studied a permutation group containing a regular subgroup [16, 20] . An S-ring over G is called schurian if it is associated in a natural way with a subgroup of Sym(G) that contains all right translations.
Let A and A ′ be S-rings over groups G and G ′ , respectively. A (combinatorial) isomorphism from A to A ′ is defined to be a bijection from G to G ′ that is an isomorphism of the corresponding Cayley schemes C(A) and C(A ′ ). Set Iso(A) = {f ∈ Sym(G) : f is an isomorphism from A onto S-ring over G}.
An isomorphism from A onto itself is called an automorphism of A if it preserves every basic relation of C(A). All automorphisms of A form a group called the automorphism group of A and denoted by Aut(A). An S-ring A is called a CI-S-ring if Iso(A) = Aut(A) Aut(G).
This definition was suggested by Hirasaka and Muzychuk in [10] . An importance of CI-Srings arises from the following result of this paper: if every schurian S-ring over a group G is a CI-S-ring then G is a DCI-group.
Recall that a set S ⊆ G is a CI-subset if for every T ⊆ G the isomorphism of Cayley graphs Cay(G, S) and Cay(G, T ) implies that T = S ϕ for some ϕ ∈ Aut(G). A group G is said to be a DCI-group if each of its subsets is a CI-subset and G is said to be a CI-group if each of its inverse-closed subsets is a CI-subset. One can check that a subgroup of a I. Kovács was supported in part by the Slovenian Research Agency (research program P1-0285 and research projects N1-0032, N1-0038, N1-0062, J1-7051 and J1-9108). G. Ryabov was supported in part by RSF (project No. 14-21-00065), and is grateful to the University of Primorska for hospitality.
DCI-group (CI-group) is also a DCI-group (CI-group). In [1] ,Ádám conjectured that every cyclic group is a CI-group. However, this conjecture turned out to be false. In [3] , Babai and Frankl asked the following question: which are the CI-groups? Most of the results on DCI-and CI-groups can be found in the survey paper [14] .
Denote the cyclic group of order n by C n . From [14, Theorem 8.8] it follows that every Sylow subgroup of an abelian DCI-group is elementary abelian or isomorphic to C 4 . Let p and q be distinct primes. The following abelian groups are DCI-groups: C p [5] ;
p , where p is odd [10] ; C 5 p , where p is odd [8] ; C k , C 2k , C 4k , where k a square-free odd number [11] ; C 2 p × C q [12] . On the other hand, the following groups are not CI-groups: C n 2 for n ≥ 6 [15] ; C n 3 for n ≥ 8 [18] ; C n p for n ≥ 2p + 3 [17] . The proof of the fact that the group G = C n p , where p is an odd prime and n ∈ {4, 5}, is a DCI-group is based on the method of S-rings. In fact, in this proof it was checked that every schurian S-ring over G is a CI-S-ring. Due to the result of Hirasaka and Muzychuk, this is sufficient for the proof that G is a DCI-group. One of the main difficulties here was to check that every decomposable schurian S-ring over G is a CI-S-ring. Recall that an S-ring A is said to be decomposable if it is the U/L-wreath product of S-rings A U and A G/L for some A-section U/L of G with 1 < |L| and U < G (see Subsection 2.1 for exact definitions). The main goal of this paper is to find a sufficient condition for a decomposable S-ring over the direct product of elementary abelian groups to be a CI-S-ring, and give short proofs of the known results on the CI-property for decomposable S-rings over an elementary abelian group of rank at most 5.
Again, let G and G ′ be finite groups. For a set ∆ ⊆ Sym(G) and a section S = U/L of G we set ∆ S = {f S : f ∈ ∆, S f = S}, where S f = S means that f maps U to itself and it permutes the L-cosets in U, and f S denotes the bijection of S induced by f . Let A be an S-ring over G. Put Aut G (A) = Aut(A) ∩ Aut(G). For every A-section S of G one can from the quotient S-ring A S over S (see Subsection 2.1). Each f ∈ Aut G (A) induces a combinatorial automorphism of A S , which is also a group automorphism of S. So Aut G (A) S ≤ Aut S (A S ). The main result of the paper is given in the theorem below.
Theorem 1. Let G be a direct product of elementary abelian groups, A be an S-ring over G, and S = U/L be an A-section of G. Suppose that A is the nontrivial S-wreath product and the S-rings A U and A G/L are CI-S-rings. Then A is a CI-S-ring whenever
In particular, A is a CI-S-ring if
We do not know whether the Condition (1) is a necessary condition for an S-ring to be a CI-S-ring. If U = L then, obviously, Aut S (A S ) is trivial and Condition (1) holds. So Theorem 1 is a criterion for the groups C 2 p and C p × C q , where p and q are distinct primes, because in these cases U must coincide with L. The computer calculations made by [9] shows that Theorem 1 is a criterion for the groups C The paper is organized in the following way. Section 2 contains a background of S-rings, especially, isomorphisms of S-rings, p-and CI-S-rings. In Section 3 we prove Theorem 1. In Section 4 we give some corollaries of Theorem 1. Finally, in Section 5 we use Theorem 1 to check the CI-property for decomposable S-rings over an elementary abelian group of rank at most 5.
The authors would like to thank the anonymous referee for his constructive comments which helped us to improve the text significantly.
Preliminaries
In this section we present some facts and definitions concerned with S-rings, most of them can be found in [8, 13] . Throughout this section G is a finite group and e is the identity of G. The set of all orbits of a group K acting on a set Ω is denoted by Orb(K, Ω).
2.1. S-rings: basic facts and definitions. Let ZG be the integer group ring of G. If X ⊆ G then denote the sum x∈X x by X. The set {x −1 : x ∈ X} is denoted by X −1 . A subring A ⊆ ZG is called an S-ring over G if there exists a partition S(A) of G such that:
( It is easy to check that given basic sets X and Y the set XY is also basic whenever |X| = 1 or |Y | = 1.
Let K be a subgroup of Sym(G) containing the group of right translations G right = {x → xg, x ∈ G : g ∈ G}. Let K e stand for the stabilizer of e in K. Schur proved in [16] that the Z-submodule
. It should be mentioned that not every S-ring is schurian (see [20, Theorem 25.7] ). Let A be an S-ring over G.
where π : U → U/L is the canonical epimorphism, is an S-ring over S called the quotient
If X ⊆ G then the set {g ∈ G : Xg = gX = X} is called the radical of X and denoted by rad(X). Clearly, rad(X) is a subgroup of G. If X is an A-set then the groups X and rad(X) are A-subgroups of G. By the thin radical of the S-ring A we mean the set
It is easy to see that
The following statement is known as Schur's theorem on multipliers (see [16] ). Lemma 2.1. Let A be an S-ring over an abelian group G. Then X (m) ∈ S(A) for every X ∈ S(A) and every m ∈ Z coprime to |G|.
and L ≤ rad(X) for all basic sets X outside U. In this case we write A = A U ≀ S A G/L and omit S when U = L. An S-ring A is said to be the generalized wreath product if A is the S-wreath product for some A-section S of G. The construction of the generalized wreath product for S-rings was introduced in [7] . The S-wreath product is called nontrivial or proper if {e} = L and U = G. Note that A can be reconstructed uniquely from the S-rings A U and A G/L . We say that the S-ring A is decomposable if A is the nontrivial S-wreath product for some A-section S of G and A is indecomposable otherwise. Throughout the paper we consider only nontrivial generalized wreath products and further we will avoid the word "nontrivial" for short.
If A 1 and A 2 are S-rings over groups G 1 and G 2 , respectively, then the set
that defines an S-ring over G. This S-ring is called the tensor product of A 1 and A 2 and denoted by
Isomorphisms of S-rings.
Throughout this subsection we follow [6, 13] .
Let R be a partition of G × G. A pair C = (G, R) is called a Cayley scheme over G if the following properties hold:
(
There is a one-to-one correspondence between S-rings and Cayley schemes over G. If A is an S-ring over G then the pair C(A) = (G, R(A)), where R(A) = {R(X) : X ∈ S(A)} with R(X) = {(g, xg) : g ∈ G, x ∈ X}, is a Cayley scheme over G.
Let A and A ′ be S-rings over groups G and G ′ , respectively, and C = (G, R) and
′ which is an isomorphism of the corresponding Cayley schemes C(A) and C(A ′ ). The group Iso(A, A) of all isomorphisms from A onto itself has a normal subgroup Aut(A) = {f ∈ Iso(A) :
This subgroup is called the automorphism group of A and denoted by Aut(A); the elements of Aut(A) are called automorphisms of A. It is easy to see that G right ≤ Aut(A). An algebraic isomorphism from A to A ′ is defined to be a bijection ϕ :
ϕ is extended by linearity to a ring isomorphism from A to A ′ . It can be checked that every combinatorial isomorphism of S-rings preserves structure constants and hence induces the algebraic isomorphism. However, not every algebraic isomorphism is induced by a combinatorial one. Note that f ∈ Iso(A, A) induces the trivial algebraic isomorphism if and only if f ∈ Aut(A).
Every algebraic isomorphism ϕ : A → A ′ is extended to a bijection between A-and A ′ -sets and hence between A-and A ′ -sections. Denote the images of an A-set X and an A-section S under ϕ by X ϕ and S ϕ respectively. If S is an A-section then ϕ induces an algebraic isomorphism ϕ S :
Lemma 2.3. [6, Theorem 3.3, (1)] Let A and A ′ be S-rings over abelian groups G and G ′ , respectively, and
A Cayley isomorphism from A to A ′ is defined to be a group isomorphism f :
If there exists a Cayley isomorphism from A to A ′ we say that A and A ′ are Cayley isomorphic and write A ∼ = Cay A ′ . Every Cayley isomorphism is a (combinatorial) isomorphism however the converse statement is not true.
Let f be a combinatorial isomorphism from A to A ′ . Denote by f the algebraic isomorphism induced by f . If S is an A-section of G then f induces a combinatorial isomorphism f S from A S to A ′ S ′ , where S ′ = S f , and f S = f S . Denote the set of all isomorphisms and the set of all Cayley isomorphisms from A to A ′ that induce given algebraic isomorphism ϕ by Iso(A, A ′ , ϕ) and Iso Cay (A, A ′ , ϕ) respectively. Two permutation groups K 1 and K 2 acting on a set Ω are called 2-equivalent if Orb(
2 ). In this case we write
is the largest group which is 2-equivalent to K. An S-ring A over G is defined to be 2-minimal if
We say that two groups
In this case we write
is the largest group which is Cayley equivalent to K. A cyclotomic S-ring A over G is defined to be Cayley minimal if
It easy to see that the group ring ZG is 2-and Cayley minimal. However, in general, S-ring can be 2-minimal but noncyclotomic. On the other hand, for example, if G is elementary abelian group of order p n , L, U ≤ G, and
2.3. p-S-rings. Let p be a prime number. We say that an S-ring A over a p-group G is a p-S-ring if every basic set of A has a p-power cardinality. In this subsection we give some properties of p-S-rings. Until the end of the subsection G is a p-group and A is a p-S-ring over G. (1) X is contained in an U-coset. In particular, rad(X) ≤ U.
2.4. CI-S-rings. Let A be an S-ring over G. Put Iso(A) = {f ∈ Sym(G) : f is an isomorphism from A onto S-ring over G}.
We say that an S-ring A is a CI-S-ring if Iso(A) = Aut(A) Aut(G). This definition was suggested by Hirasaka and Muzychuk in [10] . Also they proved, in fact, the following statement.
Lemma 2.6. Let G be a finite group. If every schurian S-ring over G is a CI-S-ring then the G is a DCI-group.
Further we give another equivalent definition of the CI-S-ring that is more convenient for us.
Lemma 2.7. Let A be an S-ring over G. Then the following conditions are equivalent:
(1) A is a CI-S-ring; (2) for every isomorphism f from A to an S-ring A ′ over G there exists a Cayley isomorphism ϕ from A to A ′ such that f = ϕ.
Proof. Let f be an isomorpism from A to an S-ring A ′ over G. Suppose that A is a CI-S-ring. Then f = f 1 ϕ, where f 1 ∈ Aut(A) and ϕ ∈ Aut(G). The bijection ϕ = f −1 1 f is a Cayley isomorphism from A to A ′ and ϕ = f −1 1 f = f because f 1 induces the trivial algebraic isomorphism. Therefore, Condition (2) of the lemma holds.
Conversly, suppose that Condition (2) of the lemma holds. Then there exists a Cayley isomorphism ϕ from A to A ′ such that f = ϕ. So f ϕ −1 is an isomorphism from A to itself that induces the trivial algebraic isomorphism. This means that f ϕ −1 ∈ Aut(A) and hence A is a CI-S-ring.
From [10, Theorem 3.2] it follows that the tensor product and the S-wreath product with |S| = 1 of two CI-S-rings over an elementary abelian group is a CI-S-ring.
We finish the subsection with two recent results on the CI-property for S-rings over an elementary abelian group. 
Lemma 2.9. Let G be an elementary abelian group of odd order. If for every
p-group K ≤ Aut(G) with |C G (K)| ≥ p 2 the S-ring Cyc(K, G
) is a CI-S-ring then G is a DCIgroup

Proof of Theorem 1
Let A ′ be an S-ring over G and f an isomorphism from A to A ′ . From Lemma 2.3 it follows that A ′ is the U f /L f -wreath product. Since G is the direct product of elementary abelian groups, there exists θ ∈ Aut(G) such that
and f with f θ −1 we may assume that U f = U and L f = L. By the supposition, the S-rings A U and A G/L are CI-S-rings. So by Lemma 2.7 there exist Cayley isomorphisms ϕ 0 :
. By the condition of the theorem
S . This implies that there exist σ 1 ∈ Aut U (A U ) and
The straightforward check shows that
Since G is the direct product of elementary abelian groups, there exist groups D and
where y i ∈ D, z i ∈ V , and i ∈ {1, . . . , t}. The elements y i z i , i ∈ {1, . . . , t}, generate a group
∩ L, and hence g = e. Since G is the direct product of elementary abelian groups and
From the definition of α it follows that L α = L, U α = U, and (dL)
ψ for every i ∈ {1, . . . , s}. The direct check implies the following:
Since L ≤ rad(X) and L ≤ rad(X α ), we obtain that X f = X α . Therefore,
Thus, we proved that for every isomorphism f from A to an S-ring A ′ over G there exists a Cayley isomorphism which induces the algebraic isomorphism f . So A is a CI-S-ring by Lemma 2.7 and the theorem is proved.
Corollaries of Theorem 1
Throughout this section A is an S-ring over a group G which is the direct product of elementary abelian groups. In the next two propositions we assume that A is the S-wreath product for some A-section S = U/L of G and the S-rings A U and A G/L are CI-S-rings.
On the other hand, Aut S (A S ) is trivial because A S = ZS. Thus, Aut U (A U ) S = Aut S (A S ) and we are done by Theorem 1.
Proposition 4.2. Let A be cyclotomic. Suppose that A S is 2-minimal or Cayley minimal. Then A is a CI-S-ring.
Proof. Since A is cyclotomic, the S-rings A U and A S are also cyclotomic. Clearly,
If A S is Cayley minimal then Aut U (A U ) S = Aut S (A S ) and we are done by Theorem 1. Suppose that A S is 2-minimal. Then
Each of the subgroups Aut U (A U ) S and Aut S (A S ) intersects trivially with S right . This shows
and Theorem 1 implies that A is a CI-S-ring.
. In the following two propositions we assume that G is the elementary abelian group of order p n , where p is a prime and n ≥ 1, and A is a p-S-ring over G.
A is a cyclotomic Cayley minimal CI-S-ring.
Proof. Let X be a basic set of A outside O θ (A) and
The set π(X) is a basic set with the trivial radical of the S-ring A G/L and |π(X)| ≥ p. Note that |G/L| = p n−l and
We obtain a contradiction with Statement (2) of Lemma 2.5 for (g 1 , . . . , g n−1 , x) σ = (g 1 , . . . , g n−1 , xl), l ∈ L}
. This means that A is Cayley minimal.
Proposition 4.4. Let A be a cyclotomic p-S-ring which is the S-wreath product for some
Suppose that the S-rings A U and A G/L are CI-S-rings and
Proof. Since every basic set outside U has nontrivial radical, we obtain that O θ (A) ≤ U and hence |S : 
Decomposable S-rings over elementary abelian groups of small ranks
Let p be an odd prime and G be an elementary abelian group of order p n , n ≥ 1. These notations are valid until the end of the paper. In view of Lemma 2.9 to prove that G is a DCI-group it is sufficient to show every cyclotomic p-S-ring over G is a CI-S-ring. In fact, it was proved that every cyclotomic p-S-ring over G is a CI-S-ring for n = 4 in [10] and for n = 5 in [8, Theorem 5.2] . One of the main difficulties in the proofs is to check the CI-property for decomposable S-rings. For example, in the case n = 5 the proof of the fact that every decomposable cyclotomic p-S-ring is a CI-S-ring takes 10 pages. The main goal of this section is to give a short proof of this fact for n ≤ 5 using Theorem 1.
We start the section with the description of all p-S-rings over an elementary abelian group of rank at most 3. All p-S-rings over an elementary abelian group of rank at most 2 and all schurian p-S-rings over the elementary abelian group of rank 3 were described in [10, p.14-15] . Later in [19] , it was proved that every p-S-ring over the elementary abelian group of rank 3 is schurian. The next lemma summarizes all these results.
Lemma 5.1. Let n ≤ 3 and A be a p-S-ring over G. Then A is cyclotomic and 
Put M = ψ 1 , ψ 2 . It can be checked in the straightforward way that |M| = p 2 and A = Cyc(M, G). Thus, A is not Cayley minimal.
Proposition 5.7. Let n ≤ 5 and A be a cyclotomic p-S-ring over G such that A is the S-wreath product for some A-section S = U/L of G. Suppose that every elementary abelian group of rank at most n − 1 is a DCI-group. Then A is a CI-S-ring.
Proof. The S-rings A U and A G/L are CI-S-rings because every elementary abelian group of rank at most n − 1 is a DCI-group. Clearly, A S is a cyclotomic p-S-ring. Since n ≤ 5, we have |S| ≤ p 3 . If A S ≇ Cay ZC p ≀ ZC p ≀ ZC p then A S is Cayley minimal by Lemma 5.5 and hence A is a CI-S-ring by Proposition 4.2. So we may assume that n = 5 and Due to |G/L| = p 4 , we have |X| ∈ {1, p, p 2 , p 3 }. Note that
because every basic set outside U 1 has nontrivial radical. Also
whenever |X| ≥ p since otherwise | rad(X)| = |X| ≥ p by Lemma 2.4. From Eqs. (2) and (3) it follows that |X| ∈ {1, p}. Let |X| = 1. In this case X = {x} for some
. So A is a CI-S-ring by Theorem 1. Furthermore, we may assume that there are no basic sets of size 1 outside S and hence O θ (A G/L ) = A. In this case A is the smallest nontrivial A G/L -subgroup. Now let |X| = p. From Eqs. (2) and (3) it follows that | X | = p 3 . The group X ∩ S is an A G/L -subgroup of order p 2 . On the other hand, A × B is the unique A G/L -subgroup of order p 2 in S. So X ∩ S = A × B. In view of Lemma 5.1, the S-ring A X is Cayley isomorphic to the S-ring no. 6 from Table 1 . Therefore, we may assume that c(A × B) )) = π 1 (B). The description of all p-S-rings over C 3 p given in Table 1 implies that A (G/L)/A is Cayley isomorphic to ZC p ≀ ZC Proposition 5.8. Let n = 6 and A be a cyclotomic p-S-ring over G such that A is the S-wreath product for some A-section S = U/L of G. Suppose that A S is indecomposable. Then A is a CI-S-ring.
Proof. Since the group C k p is a DCI-group for k ≤ 5, the S-rings A U and A G/L are CI-Srings. Note that |S| ≤ p 4 because n = 6. From Lemma 5.3 and Lemma 5.4 it follows that A S is 2-minimal. Therefore, A is a CI-S-ring by Proposition 4.2.
